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An unsteady 2D depth-averaged mobile-bed model is developed and applied to compute the bed 
deformation in curved alluvial channels. The vertical velocity shape functions in the longitudinal and 
transverse directions proposed by de Vriend (1977) are adopted. The lateral dispersion coefficient for the 
channel bend is modeled by Fischer et al.’s (1979) formula. The bed-load transport direction angle by 
Struiksma et al. (1985) is used. Data from Struiksma’s(1983) experiment are used to demonstrate the 
model’s applicability for the bed deformation in curved channels. The calibration process by adjusting the 
parameters appearing in the function with one set of Struiksma’s experiment and verified with the other set. 
The results show that the bed evolution phenomenon along the bend can be well modeled with suitable 
calibration of bed-load transport angle function. 
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1. INTRODUCTION 
 
An understanding of flow and sediment transport 
in curved channels is important for hydraulic 
engineering. In curved channels, the 
secondary-current phenomenon is three- dimensional 
(3D) and many 3D numerical models have been 
developed to simulate the complicated problem. 
However, hydraulic engineers in practice often adopt 
2D depth- averaged models because of their 
simplicity of implementation and application.  
In the past decade, many researchers have 
developed several types of 2D depth-averaged model 
to study the bed deformation in curved channels. 
Engelund’s (1974) model ignored the local derivative 
term and is applicable only for steady flow conditions. 
Struiksma et al. (1985) and Kassem and Chaudhry’s 
(2002) models ignored the dispersion stress terms 
and the mechanism of suspended load and assumed 
the vertical flow velocity with uniform distribution. 
Struiksma et al. (1985) and Kassem and Chaudhry 
(2002) pointed out that the bed-load transport 
direction angle function should include the effects of 
channel slope, flow velocity, and channel curvature 
which in fact will be adopted in the model developed 
in this study. Engelund’s (1974) model ignored the 
channel-slope and flow-velocity effects. Kikkawa et 
al. (1976) and Shimizu and Itakura (1989) ignored 
the channel-slope effect. 
The purpose of this paper is to develop an unsteady 
2D depth-averaged mobile-bed model for bed 
deformation in curved channels. In this model, the 
orthogonal curvilinear coordinate system is adopted 
and the suspended load and bed load are treated 
separately. Moreover, the secondary-current effect 
on water flow, suspended load and bed load 
equations are all embedded in the model. The implicit 
two-step split-operator approach (Hsieh and Yang 
2004) is used to solve the flow governing equations; 
and the coupling approach with iterative method are 
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used to solve the mass-conservation equation of 
suspended sediment, mass- conservation equation of 
active-layer sediment, and global mass-conservation 
equation for bed sediment simultaneously. The 
experimental data measured by Struiksma (1983) are 
used to examine the capabilities of the proposed 
model in simulating the bed deformation in curved 
channels. 
 
2. DESCRIPTION OF MODEL 
 
(1) Governing Equations 
a)Flow Equations 
Continuity equation 
     0)()( 1221 =∂
∂+∂
∂+∂
∂
dvhduh
t
d
hh ηξ          (1) 
Momentum equations 
22
21
1
2121
11
v
h
hh
vu
h
hh
u
h
vu
h
u
t
u
∂ξ
∂
∂η
∂
∂η
∂
∂ξ
∂
∂
∂ −+++
 
d
T
h
T
h
ThTh
dhh
dz
h
g b
b ρ
τ
ξ∂η
∂
∂η
∂
∂ξ
∂
ρ∂ξ
∂ 1
22
2
12
1
121112
211
)()(1)( −⎥⎦
⎤⎢⎣
⎡
∂
∂−++++−=
⎥⎦
⎤
∂
∂+∂
∂−∂
∂+⎢⎣
⎡
∂
∂−+ ητητξτξτρ
b
b
s
s
b
b
s
s
z
h
z
h
z
h
z
h
dhh
)()()()(1 121121112112
21            
(2) 
21
21
2
2121
11
u
h
hh
vu
h
hh
v
h
vv
h
u
t
v
∂η
∂
∂ξ
∂
∂η
∂
∂ξ
∂
∂
∂ −+++
 
d
T
h
T
h
ThTh
dhh
dz
h
g b
b ρ
τ
ξη∂η
∂
∂ξ
∂
ρ∂η
∂ 2
12
2
11
1
221122
212
)()(1)( −⎥⎦
⎤⎢⎣
⎡
∂
∂+∂
∂−+++−=
⎥⎦
⎤
∂
∂+∂
∂−∂
∂+⎢⎣
⎡
∂
∂−+ ητητξτξτρ
b
b
s
s
b
b
s
s
z
h
z
h
z
h
z
h
dhh
)()()()(1 221221122122
21           
(3) 
in which ξ  and η  = orthogonal curvilinear 
coordinates in streamwise axis and transverse axis, 
respectively; 1h  and 2h  = metric coefficients in ξ - 
and η - directions, respectively; u  and v  = velocity 
components in ξ - and η - direction, respectively; ρ  
= fluid density; g  = gravitational acceleration; t  = 
the time; d  = depth; bz  = bed elevation; sz  = water 
surface elevation; double overbar ( ) = depth 
average; subscripts s  and b  indicate the dependent 
variables at the water surface and channel bed, 
respectively; and 11T , 12T , 22T  = effective stresses 
which consist of laminar viscous stresses, turbulent 
stresses and integrated dispersion stresses. The 
Boussinesq eddy-viscosity concept to simulate 
laminar viscous stresses and turbulent stresses, as 
described in details by Hsieh and Yang (2003). The 
treatment of dispersion stresses terms 
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the following paragraph and overbar ( ) denotes time 
average. 1bτ = 2/122 )( vuuC f +ρ  and 2bτ = 
2/122 )( vuvC f +ρ  are the shear stresses at the channel 
bottom in the ξ - and η - directions, respectively; 
2cgC f =  = friction factor; and c  = Chezy factor. 
 
b)Sediment Transport Equations 
Mass-conservation equation of suspended 
sediment 
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Mass-conservation equation of active-layer 
sediment 
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Global mass-conservation equation for bed 
sediment 
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where C  = concentration; sρ  = density of 
sediment; β  = active-layer size fraction; p  = 
porosity of the bed material; mE  = active-layer 
thickness (Spasojevic and Holly 1990); 
1b
q , 
2b
q  = 
components of bedload flux in the ξ - and η - 
directions, respectively; S  = suspended-sediment 
source; fS  = active-layer floor source (Spasojevic 
and Holly 1990); 1Q , 2Q  = suspended-sediment flux 
due to both turbulent diffusion and lateral dispersion 
in the ξ - and η - directions, respectively.  
The bed-load flux adopted in this study is 
presented herein as: 
t
bb ii
qq ζβ=                              (7) 
where tbiq  = theoretical bedload transport capacity in 
the i (ξ  or η ) direction, evaluated using Van Rijn’s 
(1984a) formula. This load is adjusted by ζ , a 
so-called hiding factor. In this study, Karim el al.’s 
(1987) empirical relation is used to evaluate ζ . The 
adjusted load is modified by β  to reflect the 
availability of the particular size-class in the 
active-layer elemental volume. 
The suspended-sediment source S  is the 
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combination of deposition and resuspension and can 
be expressed as 
de SSS −=                               (8) 
where ele CwS βρ=  = entrainment component; 
dfd CwS ρ=  = deposition component; lw  = lift-off 
velocity (Hu and Hui 1996); eC  = entrainment 
near-bed concentration (van Rijn’s 1984b); fw  = 
sediment fall velocity (Van Rijn 1984b); dC  = 
near-bed deposition concentration (Lin 1984). 
1Q  and 2Q  appearing in Eq. (4) can be 
represented by a simple gradient transport model 
(Almquist and Holley 1985; Hsieh and Yang 2005) 
           ξεξ ∂
∂= CQ1 ； ηε ηη ∂
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where ξε  and ηε  = turbulent diffusion 
coefficients in the ξ - and η - directions, respectively 
(Elder 1959); ηe  = lateral dispersion coefficient will 
be described in the following paragraph.  
In the present study, the model adopts the 
conventional sorting and armoring techniques which 
were proposed by Bennet and Nordin (1977). In the 
model the river bed can be divided into several layers, 
and bed composition counting is accomplished 
through the use of two or three armor layers 
depending on whether scouring or deposition occurs 
during the time step.  
 
(2) Treatment of Secondary-Current Effect 
Shape functions for the vertical velocity are 
embedded in the dispersion stress terms to exhibit the 
effect of the secondary current. The velocity profiles 
in the longitudinal and transverse directions proposed 
by de Vriend (1977) are adopted in the present 
model: 
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The secondary-current effect will exert an 
influence on the lateral dispersion coefficient, ηe . In 
this study, the formula proposed by Fischer et al. 
(1979) is used, which was derived for flow in very 
wide channel: 
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To include the effect of secondary current in 
bed-load transport equations, the concept of direction 
angle function α  of the bed-load transport from 
Struiksma et al. (1985) and Kassem and Chaudhry 
(2002) is adopted in the model.  
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where sf  = shape factor of the particles; θ  = 
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where the term, )/(tan 1 rAd−  = deviation of the bed 
shear stress due to the secondary-current effect; A  = 
coefficient. 
 
(3) Numerical Methodology 
The implicit two-step split-operator approach 
proposed by Hsieh and Yang (2004) is used herein 
for flow computation. The first step (dispersion step) 
is to compute the provisional velocity in the 
momentum equation without considering the 
pressure gradient and bed friction. The second step 
(propagation step) is to correct the provisional 
velocity by considering the effect of the pressure 
gradient and bed friction.  
Dispersion step includes convection and diffusion 
terms. In order to catch the flow direction, a simple 
Hybrid scheme is used for the convection terms. 
Diffusion terms are discretized using the concept of 
control volume. Coupling with the convection and 
diffusion terms, the ADI scheme is adopted to solve 
the discretization equations. Propagation step 
includes pressure, gravity, and bottom shear stresses 
terms, and none of velocity gradient appears in this 
step. Propagation step can be discretized into a 
simple algebraic equation while the unknown can be 
solved directly. Similar to diffusion terms, the 
continuity equation can be discretized by using the 
concept of control volume and solved by the ADI 
scheme. The detailed computation methodologies 
can be referred to Hsieh and Yang (2004).  
The primary sediment variables are interrelated 
each other through the auxiliary relations. It is 
obvious that from the arguments mentioned above, a 
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coupling approach has to be used to solve the system 
equations of sediment. The mass-conservation 
equation of suspended sediment is split into two 
successive steps: advection step and diffusion step. 
The advection step contains advection and source 
terms. In order to obtain the better accuracy of 
solution for the advection part, a characteristics 
approach is used herein. The diffusion step contains 
diffusion terms which will be discretized by using the 
concept of control volume. Similarly, in sediment 
transport processes, Eqs. (5) and (6) are discretized 
by the control-volume concept. 
 
(4) Boundary Conditions 
Three types of boundary, namely, inlet, outlet and 
solid walls are considered. Discharge hydrograph per 
unit width, concentration distribution, bed elevation, 
and active-layer size fraction can be specified along 
the inlet section. Water surface elevation, 
0/ =∂∂ ξC , 0/ =∂∂ ξbz , and 0/ =∂∂ ξβ  can be 
specified along the outlet section. At the solid 
boundaries, the law of the wall is applied outside the 
viscous sublayer and transition layer. The wall shear 
stress is used as the wall boundary condition and is 
substituted into the momentum equation in the wall 
region to solve for the velocity component parallel to 
the wall. Besides, 0/ =∂∂ ηC , 0/ =∂∂ ηbz , and 
0/ =∂∂ ηβ  are specified in the solid wall. 
 
3. DEMONSTRATION 
 
(1) Model Calibration 
To investigate the applicability of the numerical 
model presented herein, bed deformations results 
computed are compared with those observed by 
Struiksma (1983) and with the results computed by 
Struiksma et al. (1985) model.  
The measurement was obtained at the Delft 
Hydraulics Laboratory (DHL) using a 140° bend 
with a centerline radius of curvature of 12 m 
connecting with straight section at upstream and 
downstream of the bend. The layout of the flume is 
shown in Fig. 1. The channel cross section was 
rectangular and the width was 1.5 m.  
In the case of T2 from Struiksma’s (1983) 
experiments, the flume initially had a flat bed in the 
lateral direction and had a slope of 2.03×10-3 in the 
longitudinal direction. The Chezy factor was 28.8 
m1/2/s. The clean water discharge and water depth 
specified at the upstream and downstream end of the 
channel were 0.062 m3/s and 0.1 m respectively. The 
sediment particle for the bed material can be regarded 
as uniform since the standard deviation is low and the 
representative diameter was 0.45 mm. The duration 
of the flow was 400 min and was long enough to 
establish equilibrium bed topography.  
A mesh of 121×37 and a time interval tΔ  = 1 sec 
were used in the simulation. The value of porosity p  
was 0.4. The coefficients sf  and A  appearing in 
bed-load transport angle function were 2 and 0.91, 
respectively (Kassem and Chaudhry 2002). The 
upstream boundary condition was the inflow 
discharge per unit width. The measured 
water-surface elevation and the no-slip condition 
were used for the downstream end and the channel 
banks, respectively.  
The computed and measured bed configurations 
along two longitudinal sections are illustrated in Fig. 
2. Both computed bed profiles clearly show the 
presence of a point bar and a pool near the beginning 
of the bend. Although the computed results by the 
proposed and Struiksma et al. (1985) models and 
measured bed configurations are qualitatively in 
good agreement, the heights of point bar and pool 
computed by both models are generally 
underestimated. Struiksma et al. (1985) noted that the 
shortcoming of their model was due to the constant 
sf  and A  for all computation domains adopted in 
the bed-load transport direction angle function. 
However, the bed material in case T2 is uniform, 
standing on the physical view point, it is not 
reasonable to calibrate sf , which substantially 
represent the shape effect of the particle property. 
Hence, the present study suggests that A  should be a 
major parameter being adjusted for modeling the bed 
deformation in case T2. 
By using the various values of A  in various 
regions described above, the computed and measured 
bed-level variations along two longitudinal sections 
are illustrated in Fig. 3. Fig. 3 shows that the 
computed results satisfactorily match with the 
measured results. It can be noted that a point bar is 
formed at the inner bank while a pool occurs at the 
outer bank. 
 
(2) Model Verification 
In order to verify the capability of the proposed 
model, the model has been applied to case T1 from 
Struiksma’s (1983) experiments, which has been 
carried out with the same flume as case T2, using the 
same values of the calibrated parameters as those 
used to obtain the bed topography prediction for case 
T2 given in Fig. 3. For case T1, the clean water 
inflow discharge was 0.047 m3/s, the water depth 
specified at the downstream end of the channel was 
0.08 m, the slope in the longitudinal direction was 
2.36×10-3, and the Chezy factor was 28.4 m1/2/s.  
Fig. 4 compares the computed and measured bed 
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levels profiles along the inner and outer banks. A 
pronounced point bar and pool configuration are 
observed with the measured point bar height. The 
agreement between the measured and computed bed 
level for case T1 is not quite as good as for case T2 
near the outer bank entrance, in which the computed 
bed profile shifts some distance upstream with 
respect to the measured profile and the computed 
length of the pool is smaller than the measured 
length. This discrepancy may be the inherent 
uncertainties existing for the different relative 
strength of secondary current, SI . Except the region 
having some deviation described above, model 
results agree consistently with measured data along 
the whole channel bend region as shown in Fig. 4. 
 
4. CONCLUSION 
 
An unsteady 2D depth-averaged mobile-bed 
model is developed and applied to compute the bed 
deformation in curved alluvial channels. By using the 
constant shape factor sf  and coefficient A  which 
appear in bed-load transport direction angle function 
for the whole domain in case T2 of 
Struiksma’s(1983) experiments, the overshoot 
phenomenon near the entrance of channel bend can 
not be well reproduced by the simulation. The 
analysis performed in this study shows that the 
coefficient A  should be appropriately calibrated 
along the channel bend for the modeling. The 
verification carried out for the case of T1 from 
Struiksma’s(1983) experiments shows convincing 
results. 
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Figure.1 Channel geometry (Delft Hydraulics Laboratory 
flume) 
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Figure.2 Prediction of longitudinal bed profiles using the 
constant coefficients in the case of T2 from Struiksma’s (1983) 
experiments. 
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Figure.3 Prediction of longitudinal bed profiles using the 
non-constant coefficients A  in case T2 of Struiksma’s (1983) 
experiments. 
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Figure.4 Prediction of longitudinal bed profiles using the 
non-constant coefficients A  in case T1 of Struiksma’s (1983) 
experiments. 
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